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1 Study approach

We quantify mortality effects of the surgical timing alternatives by contrasting the population-
average probabilities of in-hospital death that would be expected if all patients were to undergo
surgery on the day of admission, on inpatient day 2, on inpatient day 3, or after inpatient day
3. In the statistical literature, these probabilities of the outcome for all treated and all untreated
patients are referred to as the marginal risks.[1]

We stratify observations of surgical timing and in-hospital deaths according to values of con-
founders selected from a causal diagram,[2, 3] and apply the inverse propensity score of surgical
timing to the number of surgeries and deaths in each stratum.[4] We then average the weighted ob-
servations across the strata to construct hypothetical equal-sized timing samples, each representing
the entire patient population undergoing surgery on certain days.[5] Below, we describe steps for
estimating marginal risks using inverse probability weighting on a stratified sample.

2 Step-by-step guide

Inverse probability weighting to estimate marginal risks is implemented as follows:

1. Select confounders from causal diagram.

2. Construct multifactorial strata according to values of confounders.

3. Cross-classify observations by strata and timing.

4. Estimate the propensity score for surgical timing t in stratum s.

5. Update the number of deaths for timing t in stratum s.

6. Estimate marginal risks for timing alternative t.

7. Estimate marginal risk difference between timing alternatives.

3 Select confounders from causal diagram

Pearl established that attribution of variation in outcome to changes in exposure could be achieved
by conditioning on a set of factors sufficient for blocking all biasing influences between exposure
and outcome.[6] In this context, conditioning on factors Z refers to stratification according to com-
binations of their values and examination of the exposure-outcome association in every stratum
separately. Figure 1 shows a causal diagram with all known relationships among factors influencing
surgical timing and mortality either directly or through a chain of dependencies.[7] By applying
d-separation criterion, we selected two sets of factors Z, such that conditioning on them is suffi-
cient to block all influences that may produce the timing-mortality association in the absence of
causation.[8] The first set included treatment era, hospital type, procedure type, age at admission, 
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and prefracture health status. The second set in addition included surgical readiness. We combined
these two sets to use for stratification.

Figure 1: Dependencies among Factors Involved in Producing the Association between
Timing of Surgery and In-hospital Death after Hip Fracture. Orange nodes represent
factors that influence both timing of surgery and occurrence of death through chains of dependencies
(orange arrows) Conditioning on these factors is sufficient to block all influences that may produce
the putative association between time to surgery and occurrence of death (green dashed arrow).
LOS = length of stay. SES = socio-economic status.

Figure 2 depicts conditioning by removing all arrows coming from the selected confounders.

Figure 2: Conditioning on Factors Blocking All Biasing Influences between Timing of
Surgery and In-hospital Death after Hip Fracture. Conditioning on factors represented by
orange nodes blocks any biasing paths so that any remaining association between surgical timing
and death can be attributed to the direct and indirect effects of surgical timing. LOS = length of
stay. SES = socio-economic status.
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4 Construct multifactorial strata

We constructed 64 (= 2×2×2×2×4×1) multifactorial strata on the basis of treatment era (2004-
2007, 2008-2012), hospital type (teaching, community), procedure type (fixation, arthroplasty), age
at admission (65-84 years, ≥85 years), and prefracture health status (admitted from home without
comorbidity, admitted from home with comorbidity or home with care services, admitted from a
long-term care facility, or admitted from elsewhere). Comorbidity included cardiac dysrhythmias,
COPD, diabetes, heart failure, hypertension, IHD (acute), and IHD (chronic) identified by diagnos-
tic codes from all hospital discharge abstracts in the year before index admission. Surgical readiness
contributed one category because we considered only medically stable patients.

5 Cross-classification of observations

Let s = 1, . . . , 64 index strata and t = 0, . . . , 3index surgical timing. In each stratum s, we observed
nst patients with surgical timing t and δst deaths among patients with surgical timing t.Table 1
shows the observed number of surgeries and deaths by timing in 3 strata for ease of data display.

Table 1: Observed number of surgeries and deaths cross-classified by strata and timing of surgery
Admission Day Inpatient Day 2 Inpatient Day 3 After Three Days

Strata Surgeries Deaths Surgeries Deaths Surgeries Deaths Surgeries Deaths

1 60 4 214 28 150 16 133 20
2 141 5 342 11 199 8 111 4
...

...
...

...
...

...
...

...
...

64 470 24 580 43 169 16 73 4

Figure 3 effectively summarizes the entire data set by displaying both the number of surgeries
and the number of deaths in each timing group across strata. We can notice imbalance of timing
groups in each stratum, which reflects imbalance in stratification factors across timing groups.

6 Estimate the propensity score for surgical timing

The propensity score is the probability of surgical timing given a set of covariates, Z:

φt(z) = Pr(T = t|Z = z) , (1)

where T is a random variable for surgical timing. Defining strata S(z) = s according to values of
covariates Z = z we can consider the propensity score as a function of the stratum index:

φst = Pr(T = t|S(z) = s) , (2)

where S = S(Z) is a function of stratifying factors to define stratum membership.
With a large sample size, we are able to estimate the propensity scores non-parametrically,

as the proportion of observations in each surgical timing group nst among observations in strata
ns =

∑
t nst. For example, the estimated propensity score for a patient in stratum 1 who had

surgery on admission day was

φ1,0 =
n1,0
n1

=
n1,0

n1,0 + n1,1 + n1,2 + n1,3

=
60

(60 + 214 + 150 + 133)
≈ 0.11 . (3)

The left panel of Figure 4 shows the observed proportions of surgeries by surgical timing group
within strata. These observed proportions correspond to the estimated propensity scores. 
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Figure 3: Observed number of surgeries and deaths by strata and timing (represented by shade of
blue). Yellow bars show the number of deaths.

7 Update the number of deaths

The inverse propensity score were applied to the number of surgeries and number of deaths to
produce equal-sized timing samples within each stratum. The weighted number of surgeries in
stratum s with timing t is given by n′st = nst/φst. For example, the weighted number of surgeries
on the day of admission in stratum 1 is estimated as

n′1,0 =
n1,0
φ1,0

=
60

0.11
= 557 . (4)

The number of surgeries for a given stratum s were equal across timing alternatives, and equaled
the total number of observations in the stratum s (i.e., n′s0 = n′s1 = n′s2 = n′s3 = ns), see right
panel of Figure 4. Therefore, the application of inverse propensity scores for timing of surgery
within given strata creates four equal-sized samples of observations with identical values of the
stratification factors but distinct timing of surgery.

The weighted number of deaths in stratum s with timing t is given by δ′st = δst/φst. For
example, the weighted number of deaths following surgeries on the day of admission in stratum 1
is estimated as

δ′1,0 =
δ1,0
φ1,0

=
4

0.11
= 37.1 . (5)
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Figure 4: Surgical Timing Groups within Strata and Effects of Inverse Propensity
Weighting on Strata Distribution. Left panel shows the observed proportions of surgeries by
inpatient day within strata. Middle panel shows imbalance between timing groups in strata and,
therefore, in stratification factors. Right panel shows identical strata distributions across timing
groups after observations were weighted by the inverse propensity of being sampled with their
timing of surgery within their respective strata. The application of inverse propensity weighting
creates four hypothetical populations of equal size with identical distribution of the stratification
factors, but distinct timing of surgery. Each population represents the study patients as if they
had all been treated on a certain day. Strata in all panels are ordered by observed proportions in
the admission day timing group. The number of surgeries in the right panel were normalized to
the study population size.

Unlike the weighted numbers of surgeries, the weighted number of deaths for a given stratum s
were not necessarily equal across timing alternatives (i.e., δ′s0 6= δ′s1 6= δ′s2 6= δ′s3).

The right panel of Figure 4 shows strata distributions across timing groups after observations
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were weighted by the propensity score (i.e., inverse probability of being sampled with their timing
of surgery within their respective strata). The application of inverse propensity weighting creates
an identical distribution of the stratification factors across timing groups.

The application of inverse probability weighting also creates four hypothetical samples of equal
size, but with distinct timing of surgery. Each sample represents the study patients as if they had
all been treated on a certain day. Strata are ordered by observed proportions in the admission day
timing group.

8 Estimate marginal risks

The marginal risk of in-hospital death is estimated as a population average of weighted observations.
For each timing alternative t, we estimated the marginal risk using this formula:

Pt =
1

N

∑
s

δst
φst

. (6)

where N is the total number of patients . The corresponding confidence interval (CI) was calculated
using the method for stratified sampling without the finite population correction.[5]

9 Estimate marginal risk difference

The risk difference between two timing alternatives is estimated using the respective marginal risks,
with the corresponding CI defined by the lower and upper confidence limits of the marginal risks.[9]

For example, we estimate the marginal risk difference between timing alternatives t = 1 and
t = 0 as follows:

P1 − P0 =
1

N

∑
s

δs1
φs1
− 1

N

∑
s

δs0
φs0

. (7)

10 Statistical analysis

We compared the distribution of surgical timing across strata using the χ2-test. We calculated the
marginal risk of in-hospital death as a population average of weighted observations, after applica-
tion of the inverse propensity score of surgical timing. We estimated the propensity score as the
proportion of patients with a certain timing of surgery within their respective strata. No outcome,
exposure or confounder data were missing. We calculated the corresponding confidence interval
(CI) using the method for stratified sampling without the finite population correction.[5] We esti-
mated the risk difference between 2 timing alternatives using the respective marginal risks, with
the corresponding CI defined by the lower and upper confidence limits of the marginal risks.[9] We
estimated the marginal odds ratio as the ratio of the marginal risk divided by its complement in a
study group to the marginal risk divided by its complement in the reference group. The correspond-
ing CI was approximated using the delta method. Using the risk estimates for surgery performed
within 2 inpatient days and for surgery performed later, we calculated the proportion of deaths that
could be attributed to undergoing surgery after inpatient day 2, assuming all other contributing
factors were distributed as in the study population.[10] We calculated the corresponding CI using
the nonparametric bootstrap technique.
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